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1. INTRODUCTION 
Let A be an absolute valued real algebra not necessarily associative or 
finite dimensional but containing a central idempotent, that is, a non-zero 
idempotent which commutes with all elements of A. We show that A is 
necessarily an inner product space (Theorem 3.6). This result is an impor- 
tant generalization of a result given in [lo]. Moreover, using Theorem 3.6, 
we show that A must be an algebra with an involution (Theorem 3.7). This 
result and our results given in [3,4] enable us to give a classification of 
every finite dimensional absolute valued algebra satisfying the identity 
(x, X, x) = 0 (Theorem 4.1). We also show that Theorem 3.7 would not be 
true if “central idempotent” was weakened to “central element.” In [3] we 
have shown that every finite dimensional absolute valued algebra is an 
inner product space. It is also to be noted that all the known examples of 
infinite dimensional absolute valued algebras are inner product spaces. It 
may be conjectured that every absolute valued algebra is an inner product 
space. 
2. PRELIMINARIES AND NOTATIONS 
By an absolute valued algebra we shall mean a normed space which is 
also an algebra such that llxyll = llxll Il~~ll. Throughout A will denote an 
absolute valued algebra over the reals R. We assume that A contains a 
central idempotent e. A is an inner product space if on A a positive definite 
inner product ((x, y)) is defined, so that llx112 = ((x, x)). A is an algebra 
with an involution if an operation * defined on A satisfies the following 
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conditions: 
(i) (Ax+~y)*=IV~+~~; 
(ii) i* =x; (iii) x;C=;x; 
(iv) (,uy)* = j4; (v) I[$ = llxll; 
for any A, PER and x, YE/. 
By R, C, H, D, H, and D we shall, respectively, denote the real field, the 
complex field, the quaternion algebra, the Cayley-Dickson (or octonion) 
algebra, * the para-quaternion algebra, and the para-octonion algebra 
[6, 31. C will denote the algebra of all complex numbers with the usual 
addition and scalar multiplication, where the product of x and y is equal 
to Xj. By P we shall denote the pseudo-octonion algebra [S]. The sub- 
space spanned by a set of elements will be denoted by putting brackets 
around the set of elements, and (x, y) will denote the commutator of x, y. 
It is obvious that an absolute valued algebra contains no divisors of zero. 
3. RESULTS 
The two following lemmas are proved in [9] and are useful for our 
discussion: 
LEMMA 3.1. If all the elements of a subset B of A commute with each 
other, then [B] is an inner product space. 
LEMMA 3.2. Let x, YE A, llxlj = llyll = 1, and IIx- yI[ = 2. Zfx commutes 
with y, then x + y = 0. 
Now for any x E A linearly independent o the central idempotent e, we 
have 
LEMMA 3.3. In the subspace [e, x] the following are equivalent: 
(i) e is orthogonal to x, 
(ii) x2= -j((xll*e. 
ProoJ (i) + (ii). Let e be orthogonal to x and assume llxll = 1. We get 
[lx* -e/l = 11x - ell 11x + ell = 2. 
Since llxzll = llxll*= 1, Jlel( = 1, and e commutes with i2, we have, 
according to Lemma 3.2, x2 + e = 0. That is, x2 = -e. If llxll # 1 we take 
y=x/llxll. Then llvll = 1 and, as was shown before, y2 = -e. So x2 = 
- 11412 e. 
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(ii) -+ (i). Let x2 = - llx112 e and suppose that e is not orthogonal 
to x. Since [e, x] is an inner product space, it follows that 
Cc xl = Ce, -4, 
where [lx0 II = 1 and e is orthogonal to x0. Consequently, x = ue + /Ix0 with 
CI # 0, B # 0, in R. Now since x2 = - ]lx]12 eand since xi = -e from the first 
half of the proof, we get 
- llxll 2 e = (a2 - fi’)e + 2c$ex,. 
From this, and from the fact that A has no divisors of zero, it follows that 
- llxlj2 e = (a2 - j?‘)e + Zc$x,. 
Thus x0 = ye, which is impossible since e is orthogonal to x0. Therefore e 
must be orthogonal to x. 
We now consider the non-empty subset B = {x E A: x2 = 
and prove: 
LEMMA 3.4. B is a subspace of A. 
Proof: For any c1 E R and x E B, we have 
(cY.x)~ = a2x2 = ct*( - llxll 2 e) = - lltxxll 2 e, 
which implies LXX EB. 
Let x and y be two elements in B. To prove that 
distinguish two cases: 
- Ilxll’e} of A 
x+y~B, we 
1. If x commutes with y. Then, according to Lemma 3.1, [e, x, y] is 
an inner product space and, by Lemma 3.1, we have 
((e, x + Y)) = ((e, x)1 + ((e, Y)) = 0 
That is, e is orthogonal to x + y. Consequently, applying Lemma 3.3, 
(x+Y)~= -llx+yl12e. Hence x+y~B. 
2. If x does not commute with y. Since e commutes with x + y and 
x - y, [e, x + y] and [e, x - y] are two 2-dimensional inner product 
spaces. Consequently, we get [e, x + y] = [e, z] with llzll = 1 and e is 
orthogonal to z and [e, x - y] = [e, w] with llwll = 1 and e is orthogonal 
to w. It then follows that 
x+y=cre+fiz, BZO 
x - y = le + p: p #O. 
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From which 
(x + y)* = (a* - f12)e + 2a/?ez 
(x - y)* = (A2 - p2)e + 21pew. 
Adding these two equalities, we have 
2( - llxl12 - llyll *)e = (a2 + A’ -B’- p2)e + 2apez + 2Ipew. 
Since A has no divisors of zero we obtain 
2afiz + 2Apw = ye. 
Now if a # 0 or 1# 0 then z commutes with w and so 
which implies that x commutes with y, a contradiction. Therefore, a = I = 0 
and we get 
x+y=pz with /Ix + )‘I( = (PI 
x-y=pw with lb - yll = IPI 
and consequently, 
(x+y)‘= -j?‘e= -llx+yl12e. 
Hence x + y E B. 
LEMMA 3.5. B is an inner product space. 
Proof. Let x, y be two elements in B with ljxll = livll = 1. According to 
Schoenberg’s theorem [8], it is sufficient to show that the inequality 
~~x+~~~*+~~~-~~yl~~~44o1ds.Sincex,y~Band llxll=llpll=1,x2=y2= 
-e. Therefore 
Ilx+Yl12+Ilx-Yl12=Il(~~+Y)211+II(x-YY)211 
=I)-2e+xy+yxll+Il-2e-xy-yxll 
2 II -4ell 
=4 lIeI =4 
and the lemma is proved. 
Now for any x E A, since [e, x] is an inner product space, we can write 
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x as 
x=ae+/3xo, 
where 11x0 1) = 1 and e is orthogonal to x0, i.e., xi = -e, which implies 
x0 E B and, consequently, /Ix0 E B. Since [e] n B = { 0}, A can be written as 
A = [e] + B, 
the direct sum of subspaces. 
We are now able to prove 
THEOREM 3.6. Any absolute valued algebra containing a central idempo- 
tent is an inner product space. 
Proof: Let x, y be two elements in A. Since 
x=le+a, aEB 
y=pe+b, bEB 
we define an inner product ((x, y)) on A as 
((x3 Y)) = b + ((a, b)), 
where ((a, b)) denotes the inner product defined on B. We now show: 
(i) ((~,x))=L~+((a,a))=1~+ljall~>O and ((x,x))=0 if and 
only if 1= 0 and a = 0, i.e., x = 0. 
(ii) It is clear that ((x, y)) = ((y, x)). 
(iii) Also 
((Yx, Y)) = W)P + ((ray 6)) 
= rC@ + ((a, b))l=~(k Y)). 
(iv) Let z = ae + c, c E B. Then we have 
((x + Y, 2)) = (2 + PL)~ + ((a + h ~1) 
= la + ((a, c)) + w + ((6, c)) 
= ((XT z)) + ((Y, 2)). 
Hence A is an inner product space. 
Using Theorem 3.6 we can prove: 
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THEOREM 3.7. Any absolute valued algebra A containing a central idem- 
potent must admit an involution. 
Proof. We have shown that 
A = [e] + B, 
the direct sum of spaces, where the subspace B contains all elements of A 
which are orthogonal to e. 
Now for any element x = cte + a in A, where a E B, define 2 = ae -a. Let 
J = fie + b be an element in A. Then we can show: 
(i) Since Ix+py=(h+pfl)e+(ia+pb) and ia+pbEB, we get 
(Ax + py)* = (Ja + p,fI)e - (Aa + pb) = Ii + pp. 
(ii) (g)*=(ae-a)*=ae+a=x. 
(iii) Since e is central in A, it follows that xi = ix. 
(iv) To prove (XJJ)* = j6, we know that 
xy = abe + aeb + flea + ab. 
But since ((e, eb)) = ((e, b)) = 0, eb E B. Similarly ea E B. Therefore, in view 
of (i), we have 
(xy)* = age - aeb - flea + (ab)*. 
Since jj;C = ape - flea - aeb + ba, it is sufficient to show that (ab)* = ba for 
any two elements a, b E B. In fact, according to property (i) we can assume, 
without loss of generality, that IJaIl = llbll = 1. Let us write 
ab=Le+c with CE B. (1) 
But since a + b E B, we have 
from which 
Whence 
From (l), (2) we get 
(a+b)‘= -II/a+blJ2e, 
-2e+ab+ba= -lI(a+bll’e. 
ab+ba=pe. (2) 
ba=(p-A)e-c. 
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((e, ab)) = ((-a*, ub)) = -((a, b)) 
((e, ba)) = ((-u*, bu)) = -((a, b)) 
we deduce 
((e, ab)) = ((e. ba)), 
that is, 
Hence (ub)* = bu as was required. 
(v) From 112//2= Ilae-u[l*=ct’+ (luJI’= IIxlj2, we get 11;11 = IJxJI. 
4. CLASSIFICATION OF FINITE DIMENSIONAL ABSOLUTE VALUED 
ALGEBRAS SATISFYING (x,x,x)=0 
It should be noted that the dimension of a finite dimensional real 
division algebra can only be 1, 2, 4, or 8. Throughout A will be a finite 
dimensional absolute valued algebra satisfying the identjty (x, x, x) = 0. If 
dim A < 2, we know that A is isomorphic to R, @, or s. In [3] we have 
shown that if dim A = 4 then A is isomorphic to H or H, and if dim A = 8 
and A contains no central idempotent, than A is isomorphic to P. Now, to 
complete the classification, let dim A = 8 and assume A contains a central 
idempotent. Then, according to Theorem 3.7, A is an algebra pith an 
involution. Applying Theorem 6 of [4], A is isomorphic to D or D. Thus 
we have proved: 
THEOREM 4.1. Any finite dimensional absolute vulufd ulg<bru satisfying 
the identity (x, x, x) = 0 is isomorphic to R, @, C, H, H, D, D, or P. 
COROLLARY 4.2. Any finite dimensional absolute valued algebra sutisfy- 
ing the identity (x, x, x) = 0 is flexible. 
COROLLARY 4.3. The pseudo-octonion algebra P is the only (up to an 
isomorphism) finite dimensional absolute valued algebra which satisfies the 
identity (x, x, x) = 0 and does not contain a central idempotent. 
ABSOLUTE VALUED ALGEBRAS 187 
5. EXAMPLE 
We show that Theorem 3.7 would not be true if “central idempotent” 
was weakened to “central element.” In fact in [4] we proved that if an 
absolute valued algebra A with an involution contains a central element a 
which is linearly independent from a*, then A must be isomorphic to C or 
?, i.e., dim A = 2. But in [2] we gave an example i of a 4-dimensional 
absolute valued algebra in which there exists a centtal element a which is 
linearly independent from u*. We conclude that B does not admit an 
involution. Therefore the condition “central idempotent” is essential in 
Theorem 3.7. 
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